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In this paper, the absolute stability problem of a multiple delay general Lurie
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1. INTRODUCTION
The theory of absolute stability occupies an important place among
exact mathematical methods being used in the design and analysis of
control systems. To date, the number of works on the absolute stability
exceeds hundreds of books and papers; the absolute stability of a control
system with multiple non-linearities was extensively studied. Some alge-
braic criteria and frequency criteria were obtained by means of the
1 Ž .The project is supported by National Natural Science Foundation of China 19871005 .
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˙ Ž .  Lyapunov function with V 0 i.e., negative definite derivative 4, 5 .
Some necessary and sufficient conditions for existence of the Lyapunov
˙function with a quadratic form plus an integral form with V 0 were
   obtained by Zhao 7 . The results of 7 not only overcame the difficulty of
checking the Popov frequency criterion for absolute stability of the control
 system with multiple non-linearities, but also the stability region of 7 was
     larger than those of 1, 3, 5 . Xiong 6 generalized the results of 7 to a
time lag control system with multiple non-linearities. However, the books
and papers about the Lyapunov function for a general Lurie system are
 few 2, 5 . The absolute Lyapunov function candidates were studied by
 Narendra and Taylor 5 . Some necessary and sufficient conditions for
 existence of a G-type Lyapunov function were obtained by Grujic 2 . But,
the verification of the criteria is very difficult.
However, so far, we have never seen a necessary and sufficient condition
for the existence of the Lyapunov functional of Lurie form for multiple
˙delay general Lurie systems with V 0. In this paper, by the methods of
 Zhao 7 , we shall investigate the absolute stability of multiple delay
general Luire control systems with multiple non-linearities, and some
necessary and sufficient conditions for the existence of Lyapunov func-
˙tional of extended Lurie form with V 0 will be obtained, which contain
 the results of 6, 7 , as a particular case, when D 0 or E 0. From those
conditions, a very general algebraic criterion for absolute stability is
obtained.
Consider the multiple delay general Lurie control system with multiple
non-linearities
n n m
x t  a x t  e x t   b f  tŽ . Ž . Ž .˙ Ž . Ž .Ý Ý Ýi i j j i j j j i j j j
j1 j1 j1
n 1.1Ž .
 t  c x t  d f  tŽ . Ž . Ž .Ž .Ýj ji j j j
i1	i 1, 2, . . . , n , j 1, 2, . . . , m ,
Ž .where a , e , b , c , d ,  are real constants, and A a , Ei j i j i j i j j i i j nn
Ž . Ž . Ž . Ž . Ž Ž . Ž . Ž ..e , Re  A  0, Re  E  0, x t  col x t , x t , . . . , x t ,i j nn 1 2 n
Ž . Ž Ž . Ž . Ž .. Ž .x t   col x t  , x t  , . . . , x t  ,   0, B b ,1 1 2 2 n n i i j nm
Ž . Ž . Ž . Ž Ž .C  c , D  diag d , d , . . . , d , d 
 0,  t  col  t ,i j nm 1 2 m i 1
Ž . Ž .. Ž . Ž Ž .. Ž Ž Ž .. Ž Ž .. t , . . . ,  t ,  t  R, f  t  col f  t , f  t , . . . ,2 m i 1 1 2 2
Ž Ž ... Ž .f  t , f   F ,m m i  i
F  f  : f 0  0, 0  f     2 ,Ž . Ž . Ž . i i i i i i ii
  0, and f   C , 1.2Ž . Ž . Ž .4i i
with 0  , i 1, 2, . . . , m.i
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Ž .For system 1.1 , we assume that there exist n n positive definite
matrices P and N such that the matrix
T A P PA N PEŽ .
G 1.3Ž .
TE P N
is a positive definite matrix.
Ž . Ž  .  Ž . Let   col  ,  , . . . ,  ,   C  , 0 , R ,   1 2 n i i i
 Ž .  Ž . Ž . Ž . Ž . Ž . Ž .sup  u , and  0  x t ,    x t  ,  0  x t ,  u 0 i i i i i i ii
Ž . Ž . Ž  .   x t r . C C  , 0 , R is the Banach space of continuousi
 functions mapping the interval  , 0 into the set of real numbers R,i
i 1, 2, . . . , n.
Taking the Lyapunov functional of extended Lurie form,
n n
0TV    0 P 0   u n  u duŽ . Ž . Ž . Ž . Ž .Ý ÝH i i j j
 ii1 j1
m  1i T 	 f 
 d
 f  Df  , 1.4Ž . Ž . Ž . Ž .Ý Hi i 20i1
Ž . Ž . Ž .where  diag 	 , 	 , . . . , 	 , 	 
 0 i 1, 2, . . . , m , N n .1 2 m i i j nn
Ž . Ž .Calculating the derivative of V  along the solutions of system 1.1 ,
we obtain
T TV˙    A 0  E   Bf  P 0   0 PŽ . Ž . Ž . Ž . Ž . Ž .Ž1.1.
T A 0  E   Bf Ž . Ž . Ž .
  T 0 N 0   T  N Ž . Ž . Ž . Ž .
m
T 	 f  c A 0  E   Bf Ž . Ž . Ž . Ž .Ý i i i i
i1
T  T  T T  0 A P PAN  0  2  E P 0Ž . Ž . Ž . Ž .
  T 0 2 PB ATC f    T  ETC f Ž . Ž . Ž . Ž . Ž .
1
T T T T f  C B B C f     N Ž . Ž . Ž . Ž . Ž .
2
T T
 0  0  0Ž . Ž . Ž .
 G  2 Uf Ž .
     Ž . Ž . Ž .
 f T  Wf  ,Ž . Ž .
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where
1 TPB A C2 1 T TU , W C B B C .Ž . mm21 TE C2 2 nm
Thus, we have
T
f f
TW U˙  0  0Ž . Ž .V    . 1.5Ž . Ž .Ž1.1. U G
   Ž . Ž .
Ž . Ž .DEFINITION 1. The functional V  of 1.4 is said to be a Lyapunov
Ž .functional of system 1.1 with negative definite derivative, that is,
V˙    0 on  diag  ,  , . . . ,  , if for any f   FŽ . Ž . Ž .Ž1.1. 1 2 m i  i
n n
   and  0    0 i 1, 2, . . . , m .Ž . Ž . Ž .Ý Ýj j j
j1 j1
1.6Ž .
Ž .DEFINITION 2. The system 1.1 is said to be absolutely stable, if for any
Ž . Ž . Ž .f   F and   0 i 1, 2, . . . , m , the system 1.1 is globally asymp-i  ii
totically stable.
2. MAIN RESULTS
THEOREM 1. Assume that m
 2. Then necessary and sufficient condi-
Ž .tions for the condition 1.6 are that
˙Ž . Ž . Ž . Ž .i V   0 for f       0,  and any f  Ž1.1. 1 1 1 1 1 1 i i
Ž . n  Ž .  n  Ž . F i 2, . . . , m ; Ý  0  0 and Ý    0. j1 j j1 j ji
˙Ž . Ž . Ž . Ž .ii V   0 for f   F and f   0 i  2, . . . , m ;Ž1.1. 1 1  i iin  Ž .  n  Ž . Ý  0  0 and Ý    0.j1 j j1 j j
Ž .THEOREM 2. If 0   i 1, . . . , m and m
 1, then, necessaryi
Ž .and sufficient conditions for absolute stability of system 1.1 by means of the
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Ž .Lyapuno functional of 1.4 are
Ž .i There exist n n positie definite matrices P and N such that
T A P PA N PEŽ .
G
TE P N
is a 2n 2n positie definite matrix.
Ž . Ž .ii There exist 	 i 1, 2, . . . , m such thati
1
  max Z  i 1, 2, . . . , m , 2.1Ž . Ž .i Dii
 Ž .where D   diag  ,  , . . . ,     0 for j
 i and   0,  fori 1 2 m j j j
4 i1j i with 2 elements,
1T T   A   A BL*C , P   P L*C ,2
T           A  P   P  A  N P  E 4 G   ,
T  E P  N
T   2 P  B A  C 2u   ,
TE C 2 nm
     u   u  , . . . , u  ,Ž .1 m
12T T 1 T 1         Z   	 c b  u  G  u  c G  c 4i i i i i i i i
T 1    c G  u  .i i
1 1 1 TŽŽ . Ž . Ž . .where L*  diag 1  d  , 1  d  , . . . , 1  d  , c 1 1 2 2 m m i
Ž T .c , 0, . . . , 0 .i
THEOREM 3. A necessary and sufficient condition for the existence of
Ž . Ž . Ž .Lyapuno functional V x of 1.4 satisfying the condition 1.6 , which
Ž .ensures system 1.1 being absolutely stable in a finite sector 
Ž . T Ždiag  ,  , . . . ,  , is that there exist a matrix GG  0 i.e., positie1 2 m
. Ž . Ž .definite and real number 	 
 0 i 1, 2, . . . , m such that inequality 2.1i
holds.
This is a very general criterion for absolute stability described by
Ž . Ž .inequality 2.1 . For each choice of G 0 and 	 
 0 i 1, 2, . . . , m , thei
Ž . Ž .inequality 2.1 only contains the parameters of system 1.1 and i
Ž .i 1, 2, . . . , m . With the help of a computer, we can easily check
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Ž .      inequality 2.1 by calculating G  , u  and Z  . Hence, the criterioni i
is simple and convenient.
3. THE PROOF OF THE MAIN RESULTS
To prove Theorem 1, we need the following work.
 We represent W, U, G as follows respectively 7 ,
u U11 12Tw W11 21 U UW , U ,21 22ž /W W21 22 	 0mm U U31 32 2 nm
g GT GT11 21 31
TG ,G G G21 22 32	 0G G G31 32 33 2 n2 n
where w , u , g  R, W , U , G  RŽm1.1, U  R1 Žm1., W ,11 11 11 21 21 21 12 22
U , G  RŽm1.Žm1., U , G  RŽ2 nm.1, U , G  RŽ2 nm.Žm1.,22 22 31 31 32 32
G  RŽ2 nm.Ž2 nm..33
Case 1. Suppose that the vectors c , c , . . . , c are linearly indepen-1 2 m
Emm dent. Without loss of generality, we may assume that C ; thus,0Ž nm .m
we have
T T T TT w W u U U11 21 11 21 31f f1 1
T T TW W U U U21 22 12 22 32f f
T T T˙V   3.1Ž .u U g G GŽ1.1. x x11 12 11 21 311 1
TU U G G Gy y21 22 21 22 32
z zU U G G G31 32 31 32 33
where
x1 f 0Ž . 1 , f ,y Ž . fz
x   0 , f  f  , f col f , f , . . . , f ,Ž . Ž . Ž .1 1 1 1 1 2 3 m
y col  0 ,  0 , . . . ,  0 ,Ž . Ž . Ž .Ž .2 3 m
z col  0 ,  0 , . . . ,  0 ,   ,   , . . . ,   .Ž . Ž . Ž . Ž . Ž . Ž .Ž .m1 m2 n 1 1 2 2 n n
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Ž .For any f  A , f  A j 2, . . . , m , we assume that1  j 1 j
f Ž .1 1
if   01 k  ,11 	0 if   01
f Ž .j j
if   0j k  j 2, 3, . . . , m and K diag k , . . . , k .Ž . Ž .jj 2 m	0 if   0j
Ž . Ž . Ž . Ž . Ž .Then 0 k   , f   k l  0 , and f   k l  0 j 2, . . . , m ,j j 1 1 1 1 1 j j j j j
Ž .1 Ž .where l  1 d k ,   l  0 , i 1, 2, . . . , m.i i i i i i
Thus, we have
x x1 1
˙V   I k , k , . . . , k , 0 k   j 2, . . . , m ,Ž . Ž .y yŽ1.1. 1 2 m j j
z z
where
I I I11 12 13
TI I II k , k , . . . , k Ž . 12 22 231 2 m
T T	 0I I I13 23 33 2 n2 n
2 2 T TŽ .I  w k  2 u k l  g l  R, I  k U  W K 11 11 1 11 1 1 11 1 12 1 21 21
T T Žm1.1 T T Ž2 nm.1G l L U Kl  R , I k U  l G  R , I 21 1 2 12 1 13 1 31 1 31 22
T T Žm1.Žm1. TL G L  KW KU L K KL U  R , I G L 2 22 2 22 22 2 2 22 23 32 2
T Žm1.Ž2 nm. Ž2 nm.Ž2 nm. Ž .KU  R , I G  R , L  diag l , . . . , l .32 33 33 2 2 m
In the following, we introduce several key lemmas
Ž .LEMMA 1. The necessary and sufficient condition for the functional V 
Ž . Ž .of 1.4 satisfying condition 1.6 is that
 det I k , . . . , k  0 for any k  0,  i 1, 2, . . . , m .Ž . Ž .1 m i i
Ž . Ž .LEMMA 2. Suppose that conditions i and ii in Theorem 1 are satisfied.
Ž . Ž . Ž .Then I  , k , . . . , k  0 i.e., the positie definite   0,  , for any1 2 m 1 1
  Ž . Ž .  k  0,  i 2, . . . , m and I k , 0, . . . , 0  0 for any k  0,  .i i 1 1 1
 The proof of Lemmas 1, 2 is similar to those of 7 .
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Ž . Ž .LEMMA 3. Suppose that conditions i and ii hold, and let
r r r r11 12 13 14
r r r r21 22 23 24R K  . 3.2Ž . Ž .
r r r r31 32 33 34
r r r r41 42 43 44 Ž . Ž .2 n1  2 n1
Ž . Ž .Then det R K  0 for 0 k   i 2, . . . , m , where r w l ,i i 11 11 1
T T Tr u l , r U L  l W KL , r l U , r l u , r12 11 1 13 21 2 1 21 2 14 1 31 21 1 11 22
2 T T g l , r  l G L U Kl , r  l G , r U  l W KL , r11 1 23 1 21 2 21 1 24 1 31 31 21 1 21 2 32
T T l L G  l KL U , r  L G L  KW K  KL U  U L K ,1 2 21 1 2 21 33 2 22 2 22 2 22 22 2
T Tr G L  KU , r U l , r  l G , r  L G U K , r34 32 2 32 41 31 1 42 1 31 43 2 32 32 44
G .33
1Ž .     Ž .Proof. 1 By means of Lemma 2 in 7 , we get R  I 0, k , . . . , k2 m1
is positive definite; if 	  0, we have w  	 cT b 0, further, we have1 11 1 1
Ž .det R K  0.
Ž . Ž .2 If 	  0, we are going to prove that det R K  0 as follows; if1
Ž . Ž .not, that is, det R K  0, then we have R K  0.
We consider the linear delay system
 x t x t x t Ž . Ž . Ž .1 1 1 1
mx t x t x t Ž . Ž . Ž .d 2 2 2 2 A  E  b l k x t  b fŽ .. . . Ý i i i i 1 1. . .dt i2. . .
x t x t x t Ž . Ž . Ž .n n n n
mdf1 T l c Ax t  Ex t   b l k x t  b f ,Ž . Ž . Ž .Ý1 1 i i i i 1 1	 dt i2
3.3Ž .
Ž .where B b , b , . . . , b and b is the ith column of B, i 1, 2, . . . , m.1 2 m i
Ž .Take the Lyapunov functional of system 3.3 as
n n
0TV  , f   0 P 0   u n  u duŽ . Ž . Ž . Ž . Ž .Ý ÝH1 i i j j
 ii1 j1
m1 1
2 2 	 f  	 l k  0 .Ž .Ý1 1 i i i i2 2 i2
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We denote
 0Ž .1
 0  ,  0  col  0 , . . . ,  0 .Ž . Ž . Ž . Ž .Ž .2 n
 0Ž .
Then we have
f1
T l k  0Ž . 0  0Ž . Ž . 2 2 2T˙V    G   0 2 PBŽ . Ž . Ž . .Ž3.3. .   Ž . Ž . .
l k  0Ž .m m m
m
T 	 f c A 0  E   b l k  0  b fŽ . Ž . Ž .Ý1 1 1 i i i i 1 1
i2
m n n
 	 l k  0 a  0  e  Ž . Ž . Ž .Ý Ý Ýi i i i i j j i j j j
i2 j1 j1
n
 b k  0  b fŽ .Ý i j j j i1 1
j2
T
f f1 1
 0  0Ž . Ž .1 1 R K .Ž .
 0  0Ž . Ž .
   Ž . Ž .
Ž˙ .Since V  , f  is positive definite and infinitely large with respect1 Ž3.3.
Ž .to variables  and f , the zero solution of 3.3 is asymptotically stable,1
which is a contradiction with the determinant of the coefficient of system
Ž .3.3 being zero. This proves Lemma 3.
1 Remark 1. The matrix R is a matrix R removing the first row, the1
first column.
 With the above Lemmas 13 and Lemma 3 of 7 , we can prove
 Theorem 1 easily by similar methods as in 7 .
Case 2. Suppose that rank C km. Then there must exist a proper
Ž . Ž . Ž .transformation x t  Ts t T is an n n matrix, and rank T n such
MULTIPLE DELAY SYSTEMS 605
Ž .that 1.1 becomes
s As Es t   Bf Ž . Ž .˙
Ž .
T½  C sDf  ,Ž .
1 1 1 T E k where A T AT , E T ET , B T B, C T C . Similar to0 0
Ž .Case 1, we can study the absolute stability of time lag control system  .
Thus, we also obtain the conclusion of Theorem 1.
Therefore, the proof of Theorem 1 is complete.
To prove Theorem 2, we introduce the following lemma.
LEMMA 4. If m 1, 0  , then necessary and sufficient condi-1
˙ Ž Ž .  Ž .   Ž .  .tions for V   0 for any f   A ;  0  0 and    0 areŽ1.1. 1 1 1
Ž .i There exist n n positie definite matrices P and N such that
T A P PA N PEŽ .
G
TE P N
is positie definite.
Ž .ii There exists a number 	  0 such that1
1 12
T T T 1 1 	 c b  u Gu c G c  c G u ,½ 51 1 1 1 1 1 1 1 11
T T T T T TŽ . Ž .where c  c , 0, . . . , 0 and 2u  2b P b l c A, 	 c E .1 1 1 1 1 1 1 1 1
 The proof of Lemma 4 is similar to those of Lemma 5 of 7 .
Proof of Theorem 2. From Lemma 4, we know that Theorem 2 holds
for m 1. Suppose that it holds for m r. We are going to show that it
holds for m r 1.
In fact, it is not difficult to show that the necessary and sufficient
Ž .condition for i in Theorem 1 is that
1
  max Z  i 2, . . . , r 1 ,Ž .i Dii
by the inductive method, and from the fact that Theorem 2 holds for
m 1, we can easily deduce that the necessary and sufficient condition for
Ž .condition ii in Theorem 1 is
1
 Z diag 0, . . . , 0 .Ž .11
This completes the proof of Theorem 2.
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Ž . Ž .Proof of Theorem 3. From Theorem 2 and the functional V  of 1.4
being a positive definite infinite-large function, we can easily prove Theo-
rem 3.
4. EXAMPLE
Consider the 2-dimension delay general Lurie control system with 2
non-linearities
x t 2 x t  x t   f  tŽ . Ž . Ž . Ž .Ž .1˙ 1 1 1 1 1
x t 2 x t  x t   f  tŽ . Ž . Ž . Ž .Ž .2˙ 2 2 2 2 2 4.1Ž .
 t  x t  10 f  tŽ . Ž . Ž .Ž .1 1 1 1	 t  x t  10 f  t .Ž . Ž . Ž .Ž .2 2 2 2
Ž .From system 4.1 , we have A2 I, B EI, C I, D 10 I, and
1select P I, N 2 I, 	 I, where I is a 2 2 unit matrix. Then2
2 0 1 0
0 2 0 1G .
1 0 2 0
0 1 0 2
 Ž .4  Ž . Ž .4Since m 2, we have D  diag 0, 0 , D  diag 0, 0 , diag  , 0 .1 2 1
By calculating, we obtain
2 0 1 0
0 2 0 1G diag 0, 0 G ,Ž .
1 0 2 0
0 1 0 2
u diag 0, 0  u  col 1.5, 0,0.25, 0 ,Ž . Ž .1 1
 Ž . Ž .u diag 0, 0  u  col 0,1.5, 0,0.25 ,2 2
Furthermore, we have
   Z diag 0, 0 2.0235 0, Z diag 0, 0 2.0235 0,Ž . Ž .1 2
G diag  , 0 Ž .1
  1 1 12 2 1  2 0 1 0ž / ž /110 4 110 4 110Ž . Ž .1 1 1
0 2 0 1 .1
1 0 2 0
4 1 10Ž .1
0 1 0 2
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When  is large enough, we can obtain1
2.305 0 1.025 0
0 2 0 1G diag  , 0  lim G diag  , 0 Ž . Ž .1 1 1.025 0 2 0 1
0 1 0 2
0.5619 0 0.2880 0
0 0.6667 0 0.333311G diag  , 0 Ž .1 0.2880 0 0.6476 0
0 0.3333 0 0.6667
 Ž . Ž .  Ž .and u diag  , 0  col 1.5215, 0, 0.25, 0 , u diag  , 0 1 1 2 1
Ž .  Ž .col 0,1.5, 0,0.25 , Z diag  , 0 0.2466 0,2 1
 max Z   Z diag 0, 0 2.0235 0Ž .1 1
D1
 max Z   Z diag 0, 0 , Z diag  , 0 2.0235 0. 4Ž . Ž .2 2 2 1
D2
Obviously, the conditions of Theorem 2 are satisfied. From Theorem 2,
the functional
2
0 2TV    0  0  2  u duŽ . Ž . Ž . Ž .Ý H i
 ii1
2 21 10i 2 f 
 d
 f  4.2Ž . Ž . Ž .Ý ÝH i i i2 40i1 i1
Ž .is a Lyapunov functional of 4.1 with negative definite derivative.
Ž .By Theorem 2, we can show that 1.4 is the Lyapunov functional, which
Ž .ensures the absolute stability of system 1.1 in a finite sector 
Ž .diag  ,  with  ,  being any large finite numbers.1 2 1 2
5. CONCLUSIONS
In this paper, some necessary and sufficient conditions for existence of
the Lyapunov functional of extended Lurie form for a general Lurie delay
˙system with V 0 are obtained under the condition of a finite sector.
Those conditions are described by 2 m  1 inequalities for the parameters
˙contained in V. Hence, the new criteria are easy. From these conditions, a
very simple algebraic criterion for absolute stability of general Lurie
multiple delay lag systems with multiple non-linearities is obtained, which
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 extends the results of 6, 7 . A concise example illustrates the effectiveness
of the present results. Similar to the previous results, it is necessary to
indicate that we can study the stabilizability and robust absolute stability
for general Lurie systems by means of the methods of this paper.
 Moreover, in view of the results of 8, 9 , we can obtain a frequency
Ž .domain criterion of absolute stability for system 1.1 , which is a sufficient
condition. We will introduce it in another paper.
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